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ABSTRACT
This article presents a case study that examines the level of integrationofmath-
ematical knowledge in physics problem solving among first grade students
of upper secondary school. We explore the ways in which two specific stu-
dents utilize their knowledge and we attempt to identify the epistemological
framings they refer towhile solving a physics problem. Participant observation
was used for data collection, and the students’ verbal interactions were video-
recorded. The analysis shows that they tend to use a wide spectrum of epis-
temological framings that entangle mathematics and physics but at the same
time face significant practical difficulties in modulating the two subjects.

RÉSUMÉ
Cet article présente une étude de cas qui analyse le niveau d’intégration des
savoirs mathématiques appliqués à la résolution de problèmes de physique
chez des élèves en première année du deuxième cycle au secondaire. Nous
nous penchons sur les façons dont deux étudiants en particulier se servent
de leurs connaissances et nous tentons de déterminer les cadres épisté-
mologiques auxquels ils font référence pour la résolution d’un problème de
physique. Nous avons observé les participants pour recueillir les données, et
filmé sur vidéo leurs interactions verbales. L’analyse montre qu’ils utilisent un
large éventail de cadres épistémologiques qui mélangent les mathématiques
et la physique, mais aussi qu’ils font face à de sérieuses difficultés d’ordre pra-
tique lorsqu’il s’agit de moduler les deux sujets.

Introduction

Mathematics is considered the spine of physics and a necessary element of physics teaching, because it
provides a language for the succinct expression and application of physical laws and relations (Bing &
Redish, 2009). The blending of mathematics and physics may be charming and stimulating for scientists,
but the same is not true for the majority of pupils. In fact, the perplexity of mathematical relations often
used in physics is considered one of the most prominent factors for discouraging pupils from choosing
this subject for further studies as well as a barrier against physics instruction (Boujaoude & Jurdak, 2010;
Monk, 1994; Planinic, Milin-Sipus, Katic, Susac, & Ivanjek, 2012; Viennot, 2004).

More often than not, physics teachers are unpleasantly surprised by their students’ ill use of mathe-
matics in their classroom, even though the same pupils may perform quite well in a mathematics class
(Redish, 2005). In such cases, the teachers usually advise their pupils or their colleagues teaching math-
ematics to overcome the issue by adding more mathematics-related hours to the pupils’ schedule. Even
when such an option is available, it is rather unlikely would achieve satisfactory results if one does not
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focus on the true causes that prevent pupils from integrating their mathematical knowledge into physics
problem solving (Tuminaro, 2004).

The use ofmathematics in physics differs from the application ofmathematics in amathematical con-
text. The main cause of pupils’ underperformance or even development of an aversion to physics is not
related to their lack of familiarization with calculus but rather to their difficulty in comprehending the
physical meaning of the entailed symbols and the relations between them (Bodin, 2012; Boujaoude &
Jurdak, 2010; Monk, 1994; Viennot, 2004). Onemust adjust and transfer mathematics into the context of
science (Gallardo, 2009); this process requires loading physical meaning onto symbols that were initially
interpreted differently in the context of mathematics (Redish &Kuo, 2015). For subjects that make use of
mathematics, the latter acts as an educational subject-tool with a specific functionality. The blending pro-
cess of the scientific fields results in the emergence of substantial ideas and conclusions (Bing & Redish,
2007). The aim of this study is to examine the ways in which students in 10th grade use mathematics
during problem solving in physics.

Theoretical background

Attributing physical meaning tomathematical relations

The use of mathematics in science, and especially physics, is not as simple as “doing mathematics” in
general because it has a different goal: the representation of physical systems instead of the expression of
abstract relations (Redish, 2005; Redish & Kuo, 2015). Mathematics used in physics involves the critical
infusion of a vast amount of information as well as the alteration of the interpretation of equations. Addi-
tionally, problem solving in physics incorporates a metacognitive frame for deciphering and evaluating
results (Bing & Redish, 2009).

The blending of mathematics and physics affects the interpretation of functional mathematical rela-
tions. This occurs because mathematical formulas in the context of physics are thought of as rela-
tions among symbols loaded with physical meaning instead of abstract relations or calculation methods
(Lopez-Gay, Martinez Saez, & Martinez Torregrosa, 2015). The attribution of specific physical meaning
to a symbol is considered an exceptionally convenient and powerful tool, because it allows for symbol
manipulation without necessarily taking into account all the restrains imposed by mathematical for-
malism (Redish, 2005). Therefore, mathematical relations are “filtered” by physical restrictions; that is,
they are viewed under a different light: the light shed by the specific physical context, aiming toward the
description of physical systems.

In their study involving high school students aged 15 to 16 years old, Planinic et al. (2012) recog-
nized that although mathematics and physics may use shared tools, information requires a distinctive,
differentiated interpretation in the context of physics. Often enough, students encounter a concept that
is common in physics and in mathematics, but the disconnected contexts of the two subjects (in terms
of instruction) make them believe that what they study in one subject is completely disconnected from
what they study in the other.

As an example of the above, we can consider the interpretation of an equation of the following form:
y = ax, where x represents an independent variable, y represents a codependent variable, and a is a
constant. According to the Greek mathematics syllabus, by the age of 14 students have already spent
several hours working on the properties of this equation. However, when they encounter at age 15 the
kinematic equation x = ut for constant velocity u, where time t is the independent variable and position
x is the codependent variable, they fail to realize that they deal with a kind of equation they have been
working on in their mathematics class.

Problem-solving processes in physics

The heart of the difficulty in blendingmathematics and physics lies in problem solvingwithin the context
of physics, andmany researchers have been referring to this issue during the past decades (Bing&Redish,
2009, 2012; Blum&Niss, 1991; Bodin, 2012; Chi, 1981; Clement, 1987, 1988; Larkin,McDermott, Simon,
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& Simon, 1980; Larkin & Reif, 1979; Lopez-Gay et al., 2015; Planinic et al., 2012; Sherin, 2010). These
studies focus on the processes of communication and integration between the fields of mathematics
and physics. A central concept that plays a significant role in bridging the gap between the two fields is
mathematization, which, within science education, is defined as the expression of the physical analysis
of a real-world problem through mathematical concepts and relationships (Lopez-Gay et al., 2015).

Amathematization process, which takes into account the particularities of physics problem solving, is
the following (Gallegos, 2009). Realistic situations lead to a pseudo-model, namely, a simplified version of
the initial situation that allows the study of some dominating parameters of the problem. The next stage
includes the construction of a physical model, which directs one to the field of physics. The construction
of a mathematical model that transfers us to the field of mathematics follows next. Finally, the process
concludes with the evaluation of the results under the scope of physical laws and conditions governed
by the initial circumstances.

Although the above-mentioned procedure describes explicitly themathematization process of physics
problem solving, one must search in a greater depth in order to discover how the students implement
it. Bing and Redish (2009) evolved an epistemological structure in order to analyze students’ reasoning
when usingmathematics in physics problem solving. The “epistemological framing” (p. 1), the term these
researchers use for their analytical tool, refers to the students’ perceptions or judgments (intentional or
not) regarding the tools or the abilities they leverage to complete a specific task. The observations of Bing
and Redish (2009) suggest that students are prone to be trapped in these epistemological framings for
significant periods of time during problem solving. It appears that the students’ reasoning changes very
often and so does their interpretation of the task, as well as, evidently, their knowledge relevant to the
task.

The same researchers, within the methodology they use for their analyses, examine students’ dec-
larations as the latter attempt to solve physics problems, and they then classify these statements. Their
intention is to discern the common elements among the dialogues in order to form an epistemolog-
ical context for the investigation of students’ ideas as well as their chosen strategies. They claim that
the students make use of some epistemological framings via warrants as justifications (epistemological
resources), which fall under one or more of the following classes (Bing & Redish, 2009, 2012):

1. Calculation: A reliable result derives from a set of algorithmically followed computational steps.
2. Physical mapping: Some features of a physical or geometrical system can be accurately described

by a mathematical symbolic representation.
3. Invoking authority: Information stemming from an authority source is trustworthy.
4. Mathematics consistency: Mathematical representations are coherent across different situations,

because they are regular and reliable. The acceptance of a commonmathematical structure allows
the participants to trust the relations they handle as well as the consequent outcomes.

Evidently, the above epistemological categories are neither constraining nor isolated, because they
can be intermingled or other can emerge, depending on the material under examination. In addition,
as Bing and Redish (2009) mention: “Framing is a dynamic cognitive process. A person’s mind makes
an initial judgment for the situation at hand, but that judgment is continually updated and revaluated”
(p. 8). However, they state that these four framing clusters adequately describe the students’ trains of
thought for a vast proportion of the observed situations. Although the tools the students use are usually
unutterable and obscure, they may, in certain cases, appear in specific forms and become clear. This
happens when the students cooperate; that is, argue on what to do next and come to an agreement on
the path they will follow.

Contribution of verbal interaction

Research data indicate that cooperation between students is exceptionally creative, especially during
problem solving, because it allows students to check their suggested strategies and debate them (Bing &
Redish, 2009; Felder & Brent, 2009; Storm, Kemeny, Lehrer, & Forman, 2001). Furthermore, the students
construct a common context of meaningful practices through verbal communication (Mercer, 1995;
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Mercer & Sams, 2006; Mercer & Wegerif, 1999; Storm et al., 2001). On the other hand, students’ par-
ticipation in group tasks does not necessarily guarantee collaborative learning (Mercer & Sams, 2006),
because constructive and successful teamwork requires the acquaintance between the members of the
group and their familiarization with collaboration practices.

The significance of the use of language as a thinking tool has been studied by Teasley (1995), who
analyzed 13-year-old pupils’ verbal interactions while solving amathematical problem. Findings indicate
that the advantages of these interactions aremore effective when the group consists of only twomembers.
Mercer (1995) examined various forms of verbal interactions and classified them into three analytic
categories. The first category involves disputational talk, the main characteristics of which are debate
between the participants and personalized decision making. The next category is cumulative talk, in
which partakers positively build on each other’s talk but without any critical disposition against each
other. Lastly, Mercer (1995) distinguished exploratory talk, which is believed to be the most beneficial
during problem solving, because the participants discuss their ideas in a critical spirit butwith an aptitude
to compound their views.

Research objectives

Although the integration of mathematics in physics problem solving has been under scrutiny for many
decades, many physics teachers in secondary education insist on attributing students’ difficulties merely
to lack of mathematics knowledge in their everyday practice (Redish, 2005; Tuminaro, 2004). The way
in which the blending of mathematics and physics takes place at a school level is yet to be exam-
ined, in order for the procedure to become more explicit and practical for physics instruction. Such
research may also support the need for substantial changes in the distinctive ways in which math-
ematics and physics have been taught for decades. Using a sample of two 15-year-old students, the
present study attempts to investigate what lies underneath the students’ phenomenological choices in
physics problem solving, in terms of basic utilization ofmathematics in physics as well as epistemological
framings.

More specifically, this case study examines the following research questions:
• Do pupils in our sample integrate their mathematical knowledge in physics topics and, if yes, to
what extent and in which forms?
• Which epistemological framings do they use to justify their choices and what is their criterion for
the selection of those framings?

Method

In order to investigate pupils’ mathematical knowledge and ideas as tools for physics problem solving, a
specific exercise has been created (see Figure 1); it is based on the physics textbook for the first grade of
upper secondary school, equivalent to the 10th grade.Within theGreek educational system,mathematics
and physics are compulsory subjects in all years of secondary education and take up a substantial part
of the weekly timetable. Furthermore, there exists a syllabus that is used across the country and the
textbooks are common for all students.

This problem is novel as a whole and consists of separate parts with independent forms, the con-
tents of which are part of the units covered in classroom. The specific exercise has been created with the
intention of being challenging enough to cause several debates among the pupils in order to illuminate
the processes of mathematics integration and the epistemological framings they use. An optimal solu-
tion to the problem is provided in the Appendix, which is in agreement with the cognitive level of the
students.

In reference to physics teaching, this problem has stemmed from the field of mechanics, which
includes a vast amount of concepts and relations, out of which the students must carefully select and
properly use the relevant ones in order to achieve results compatible with “reality.” From a mathemati-
cal point of view, the task invites the pupils to utilize their knowledge of algebra and geometry deriving
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Figure . The physics problem assigned to the students.

from the entire spectrum of middle school mathematics and partially from the first grade of upper sec-
ondary school. The mathematical components that have been included in the problem are mainly the
following:
• First-order (linear) and second-order (quadratic) equations
• Systems of linear equations
• Basic trigonometric relations
• Relations between angles in several occasions
• The Pythagorean theorem.
As alreadymentioned, this is a case study in which two 15-year-old students took part: a boy (referred

to as D) and a girl (referred to as S). Both students had very good or excellent grades in secondary
school physics andmathematics; this choice wasmade in an effort tominimize the students’ lack of basic
knowledge or alternative perceptions of the physics and mathematics involved in the specific problem.
Moreover, the students were very familiar with each other as well as with the researcher, because she
had been their physics and mathematics teacher for a significant time period. The process of problem
solving, which lasted for about 2½ hours, was video-recorded, and the students’ verbal interactions and
writings formed the research material for the qualitative analysis of the study.

The data were collected through participant observation of the group, which, as a qualitative method
of research data collection, is compatible with the case study. Data collection through observation gives
the researcher the chance to collect “live” data from “real” situations and to therefore examine the facts in
situ rather thanhave toworkwith second-handdata (Patton, 1980). FollowingGold’s (1958) classification
for the level of the researcher’s role in observation, which places the complete participant at one end of the
spectrum and the complete observer at the other end, we find ourselves at the third (intermediate) level
of observer-as-participant (Cohen, Manion, & Morrison, 2000). This means that the researcher mainly
records the facts to service her research goals but also takes part in the children’s learning environment as
an instructor when necessary. The students collaboratively worked toward solving the specific problem
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under the supervision of the researcher, whowas supporting the students’ endeavor whenever they asked
for confirmation in order to move on.

One should note that the choice of the above method of data collection is also compatible with the
observational approach, within which the researcher sees the students as reasonable thinkers who may
makemistakes when applying their mathematical knowledge to physics problems. These mistakes occur
due to a relatively small number of inappropriate interpretations coming from the students; the existence
of these misconceptions leads the researcher to understand the nature of the children’s mistakes. From
the complete collection of the data, the objectives that have been selected for analysis are relevant to
the utilization of mathematics in the physics problem and the students’ epistemological framings, as
described in the theoretical framework. It must be mentioned that the researcher does not intervene in
the dialogues that are analyzed in the following section.

Data analysis and discussion of results

Integration ofmathematical knowledge in physics problem solving

This section focuses on the way in which students utilize their mathematical knowledge for the purposes
of a physics course. We investigate their chosen general strategy as well as the special components of
mathematics involved.

The students in our sample started their task by reading the problem and writing down the given
information and questions using mathematical symbols and relations. Later, they silently agreed on sep-
arating the problem into parts, smaller than the ones that the exercise itself indicated, but still with the
intention to work on these segments collaboratively. They also wrote down those formulas they con-
sidered useful for the problem-solving process and, finally, they focused on the details of the specific
problem. The following selected dialogues portray specific parts of their work.

First dialogue: Detection of variables and choice of formulas
1. D: Let’s solve this. Where to start? We are looking for t (time) …
2. Well, we’ll consider the objects one by one, let’s start with object 1,
3. with the first tube. AB is a straight line … and we have …
4. S: Can I ask something? Since velocity is given, friction is given,
5. the coefficient of friction is given, shouldn’t we write down the formulas?
6. D: Let’s write, why not. Write T (friction) equals μ (coefficient of friction) timesN (normal reac-

tion force).
The main objective in the above dialogue (first dialogue) is the identification of the question (line 1),

the information given, and the relationships between them (lines 4–6).We observe a case of disputational
talk that tends to become cumulative, because it is evident that they individually initiate the process of
problem solving but pretty soon they try to cooperate. This episode indicates the students’ superficial
approach to solving the problem, which initiated with the listing of cluttered symbols and relations; this
is in agreement with similar cases described in the literature (Chi, 1981; Larkin & Reif, 1979). This tactic
is severely connected to their urge for mathematical formalization, because that is the very first thing
they attempt to do (lines 4–6). They are in a hurry to use symbols and involve them into relations, but
all of these have not yet been assigned to specific notions regarding the situation (Clement, Lochhead, &
Monk, 1981). This choice is in opposition to Arons’s (1984) suggestion “idea first and name afterwards”
(p. 21) and perhaps explains why the attempt of writing down formulas was straining throughout most
of the procedure.

Subsequently, on the one hand, the students were having a hard time recalling the desirable formulas
and, on the other hand, they were lacking a specific strategy. These remarks primarily refer to the for-
mulas and routines the students have formerly tried to memorize without actually understanding them.
They had difficulties in creating the proper mental representation of the solving process, they did not
discuss the physical situation (e.g., the kind of motion) they were dealing with at the right time, and they
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moved at a fast pace, as one can see in the second dialogue, below. The selection of the appropriate math-
ematical relation required comprehension of the context; that is, the physical meaning of the formulas
used for the specific exercise.

Second dialogue: Detection of variables and choice of formulas
7. S: = uot + 1

2at
2.

8. D: Why is that?
9. S: Isn’t this the formula? Isn’t this the formula?
10. Why don’t we solve this for time?
11. D: That’s what we would do, but we don’t know the acceleration.
12. S: So what! So what if we don’t know it?
13. D: You have two unknown variables.
14. S: That’s a different story. We’ll deal with them within the formula,
15. we won’t plug numbers in.
16. How do we solve for t? You know … Solve for t!
17. D: = t (uo + 1

2at ).
18. t = x

uo+ 1
2 at

.

19. S: Again, you haven’t solved for t.
20. D: Wait.
21. S: For t, there is another t (in the formula).
22. D: I know, wait.
23. S: I don’t understand why we are doing this.
There is a series of incidents worth noting in the above passage (second dialogue), which is partic-

ularly rich for the observer due to the exploratory talk between the students. S suggested solving the
equation for the main unknown variable, without feeling any need to substitute values for symbols (lines
10 and 14–15), in contrast to D, who hesitatingly started the process (lines 11 and 13); these diverse
behaviors indicate a different way of mathematical thinking. The one student feels comfortable handling
an equation without any numbers plugged in and dealing with the unknown variables later, which is
more similar to an expert’s approach (Redish & Kuo, 2015) in comparison to the other student, who
has his mind fixed on an impending numerical result. We next notice an incorrect attempt of solving a
quadratic equation (lines 17–18). This dialogue is an excellent example of the students’ lack of strategy;
even S, who suggested the whole solving process, could not justify her reasons after all (line 23).

Third dialogue: Quadratic equation solving, similar to one that appears in mathematics textbooks
24. D: x = uot + 1

2at
2.

25. 6 = 5t + 1
22t

2.
26. 6 = 5t + t2.
27. t2 + 5t − 6 = 0.

. . .

28. t1,2 = −5±7
2 =

{
t1 = −1
t2 = 6 .

The deadlock we noticed in the second dialogue (lines 18–19) drove the students to the detection of
the error and to fixing it; all kinds of talks had a share in that long process. After a significant period
of time and only as soon as numbers were plugged in, the physics equation transformed to a typical
quadratic equation, in a way that students recognize from their mathematics textbooks. In contrast to
the trouble they had earlier, they had no problem at all dealing with this stage of the process (third
dialogue). Obviously, the students did actually know how to solve the equation at hand (lines 17 and
24), but they faced tremendous difficulty when the mathematical components of the problem differed
slightly from those that they were used to encountering in mathematics problems.

Fourth dialogue: The deadlocks due to lack of strategy
29. D: � F = ma.

. . .
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30. S: Why don’t you put a T in the �F …
31. D: A t?
32. S: No, the friction, since only friction is applied.
33. I have an idea, but I don’t know if it’s right. Substitute for everything. No?
34. I mean, let’s say for the acceleration, we write u over t and we’ll see.
35. It includes time. No?
36. D: Look, we can put μ times N equals u times t.
37. S: Substitute for all.
38. D: Should I do it?
39. S: Why not? Is there anything else we can do?
40. D: μN = mut .
41. S: u over t.
42. D: = mu

t .
In the above dialogue (fourth dialogue), exploratory talk helps students to make some progress, but

it is also very revealing regarding their lack of strategy. They use a system of equations that lacks the
necessary physical meaning and mathematical formalism. Because they do not know how to proceed,
they keep substituting symbols with other symbols without seeing the vanity in that (lines 30 and 36).
In their attempt to substitute for one of the unknown variables (acceleration a), they introduced a new
unknown variable (final velocity u) to the equation. Although they solved the first-order equation they
formed correctly, the number of unknown variables remained the same. This error occurred multiple
times during the case study and suggests an inadequate comprehension of the physical aspect of the
problem, as well as the lack of a realization that they are in fact dealing with a system of equations; it is
more like a puzzle to them, playing with symbols until a relation finally pays off.

Fifth dialogue: Lack of primary mathematical knowledge
43. D: 6 = 13t + 1

2
10
t f in

t2.
44. S: Write 20 times final t …
45. D: 20?
46. S: 2 times 10 equals 20 …
47. D: Why 2 times 10?
48. S: What will you do? Won’t you simplify it a bit?
49. D: 5 times final t.
50. S: 20 final t! Don’t you do the cross product?
51. D: Wait … Yes.
52. 6 = 13t + 20t f in · t2.
In addition to the lack of proper mathematical formalism, in the fifth dialogue we observe errors in

simple mathematical operations, such as fraction multiplication (line 50). The above dialogue is part of
a rather cumulative than exploratory talk, which could explain why they were constantly directing to
even more erroneous decisions. It is actually astonishing that these two students became so confused
when dealing with rather simple calculations in a physics context. These errors should not be attributed
to ignorance, because they both have excellent grades in the subject of mathematics and, most impor-
tant, they proved on other occasions that they can fluently perform such calculations. It seems that the
blending process of the mathematics and physics really tripped them up, as mentioned in the theoret-
ical framework (e.g., Bodin, 2012; Redish, 2005). This became more obvious when they spent most of
their energy tackling the difficulties raised by the physical aspect of the problem and the mathematical
operations were merely minor barriers just before the finish line.

Analysis of the epistemological framing

We provide here an analysis of students’ epistemological framing that is based on the types of justifica-
tions (warrants or epistemological resources), as stated in the theoretical framework, which the students
offer in order to justify their choices. What becomes clear from the passages reproduced here is that any
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justification rarely involves a single justification type. In the following dialogues we choose to focus on
the most distinctive justifications per case.

Calculations
Every time the students attempted a mathematical solution, they took for granted that the calculation
steps they followed were due to lead to reliable results. It was enough for them to believe that they exe-
cuted the process correctly in order to assume that they had reached a correct outcome. But if the latter
was not the one they expected when they began their mathematical operations, they tended to revise
the whole procedure, as shown below (sixth dialogue, calculation of discriminant). In some cases the
pupils evaluated their results under the light of their own expectations, without a thorough examination
of the problem (line 64). In such occasions they obviously ran the risk of being satisfied with an outcome
that seemed correct according to their previous experience but could have in fact occurred due to poor
choices of physical relations and/or errors in the calculations.

It must be noted that calculators are forbidden throughout the Greek school system; as a result, all
pupils realize fairly early on that numbers appearing in the various steps of the solution of a physics
problem are “fixed” in a way suitable for performing calculations mentally, in the majority of cases. If
they arrive at a calculation that is above their mental computational abilities, they question their work,
not because they are concerned about possible qualitativemisjudgments or about having used the wrong
formulas but merely out of a habitual uneasiness toward errors in calculations. The following dialogue
confirms this well-established tactic as soon as the “unusual” root 31 (line 61) appears due to the utiliza-
tion of an incorrect formula (line 55). Nevertheless, it is exploratory talk that drives them to revise and
correct their solution, regardless of their reasons for doing so.

Sixth dialogue: Errors in the use of mathematical algorithms
53. D: � = b2 + ac (the formula is incorrect—the correct one is � = b2 − 4ac).
54. S: Minus.
55. D: � = b2 − ac.
56. � = 52 − 1 · (−6).
57. � = 25 + 6.
58. � = 31.
59. S: I think we’ll end up with a negative answer for time and we’ll have a laugh.
60. Don’t you think it will be negative? What is this? Why 31? I’m scared.
61. D: x1,2 = −b±√

31
2α

62. S: b square minus 4 times a times c … (she mumbles the correct formula but she does not realize
the mistake in the written formula).

63. D: Check if the calculations are correct.
64. S: Why is it like this? What is that! Root 31?
65. D: This is the formula … (he points at the formula � = b2 − ac).
66. S: Didn’t we solve this correctly?
67. b square minus 4 times a times c … 25 and 6 …What’s wrong?
68. D: x1,2 = −5±√

31
2 .

69. I think we forgot 4 (he erases the previous solution).
70. � = b2 − 4ac.

Physical mapping
Because the students were aware of the fact that this was a physics problem and not a mathematics prob-
lem, their results were under the scope of certain rules and limitations, according to the regulations of
physical laws and concepts. Therefore, they acted on the problem with partial disregard for mathemati-
cal formalism (lines 73 and 76); if they were dealing with a mathematical problem they could not have
omitted the alternative results. Within a physics context, they had the chance to filter the outcomes of
their calculation; however, at this stage it is not possible for us to assert whether this procedure emerges
from the repetition of a well-performed routine (lines 73–74), from the guidance provided in this specific
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problem (lines 77–78), from a deeper understanding of the problem, or from a combination of these rea-
sons. Typically they used cumulative or exploratory talk in order tomove on, although in same cases they
implicitly reached an agreement, because they considered their conclusions self-evident. The following
two passages (seventh dialogue) are representative.

Seventh dialogue: Search for meaning in mathematical operations

71. D: t1,2 = −5±7
2 =

{
t1 = 1
t2 = −6 .

72. S: We are both amazing. 1 second.
73. D: We dismiss this (he points at t2 = −6).
74. S: OK, we dismiss it.

. . .

75. S: t1,2 = 5±1
2 =

{
t1 = 3
t2 = 2 .

76. This must be a joke …Why 2;
77. D: Look, the problem states that we should find the least time,
78. so we’ll keep 2, not 3.

Invoking authority
The students believe that the laws and theorems they have been taught are completely trustworthy and
safe to use within an appropriate context (lines 83 and 84). Of course, the process of recalling rules
often comes with the “risk” of incorrectly applying them and of somehow thus disproving the invoked
authority. Two relevant examples are shownbelow (eighth dialogue), deriving fromgeometry andphysics
respectively. In both cases, the students make progress through exploratory talk.

Eighth dialogue: Recourse to known theorems and relations
79. D: There’s a connection here (between the tubes),
80. you can think of it as a triangle, an orthogonal one.
81. S: Why is it orthogonal? Are they parallel (the horizontal tubes)?
82. D: Look at the sketch (the representation given).
83. S: So, the Pythagorean (theorem)? Which Pythagorean? (they only know one)

…
84. D: So we’ve got Newton’s first law, hence �F = 0.
85. S: Why Newton’s first law?
86. D: Because it’s not accelerating.
87. S: Since the ground is smooth, shouldn’t the velocity be continuously increasing?
88. So it’s accelerated, not uniform motion after all.
89. D: Yes, fine.
90. S: No, it must actually be Newton’s first law.
91. D: It is Newton’s first law. Because there is no friction applied …

Mathematics consistency
The fact that the participating students trust mathematics as a valid and reliable tool in all applications
makes them resort to it even when such an action is not required by the progress of problem solving. The
successful application of amethod often leads to its repetition, with the hope that it will, once again, bring
a correct outcome. This happened repeatedly throughout the entire problem-solving process. The above-
described process includes a procedure that can be explained as “reversing a line of thought” (Arons,
1984, p. 24), as the students evidently reexamined formerly applied operations in order to reproduce
them. Additionally, it embeds a reasoning process that Arons (1984) summarizes with the phrase “that is
not the case” (p. 25); regarding this, the students gradually excluded all of the cases that were not suitable
for repetition.

The dialogue that follows (ninth dialogue) presents one correct and one incorrect application of the
strategy that stems from mathematics consistency. In the first case, the students rightfully replicate a
routine they had previously used with success, because the two cases are identical (line 94). This is not
true for the second case, in which the students tried to apply the same friction formulas they had earlier
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used (line 96); this time, though, the surface is frictionless and the mathematical process they “copy”
thus led them to nonlegitimate calculations. In both cases, they used exploratory talk to reach their
conclusions; even for the second example, in which they started off on the wrong foot, they realized their
mistake through a productive debate.

Ninth dialogue: Use of mathematical algorithms with no specific developed strategy
92. S: Let’s move to the next one (object).
93. D: How did we find the previous one? On AB (part of the tube).
94. S: With the formulas. �F for both …

. . .

95. D: Since it is exactly the same as AB, we need only change μ,
96. instead of 0.2 we’ll use 0. It is exactly the same.

. . .

97. D: What is T over 0?
98. S: Is it legit? It’s not legit.

. . .

99. D: Hence there is no friction, nor is there an N.
100. Then it’s definitely 0. Do you understand what I’m saying?
101. S: τ = μν ⇒ ν = τ

μ
.

102. It doesn’t exist. Hence there is no friction.

Conclusions

This study has examined the potential of a group of two students, both in the first grade of Greek upper
secondary school (equivalent to 10th grade), to solve a physics problem that required them to use math-
ematical knowledge appropriate for their age. The students’ ability to properly handle the mathematiza-
tion process, as well as their aptitude to use a variety of epistemological framings in accordance with the
specific problem, was among the main interests of this study.

Throughout the problem-solving process, we observe that the participating students attempt to uti-
lize mathematical forms before grasping the notions of physics at hand. This implicit tactic prevents
them from actually dealing with the problem, because it magnifies the difficulties in selecting and using
the appropriate laws and formulas of mathematics and physics. Furthermore, mathematical operations
that most probably would be easily handled in the mathematics classroom are hard to tackle within the
physics context. We also note that the students focus on “local” goals, in the sense that they make use of
only a small amount of the data provided and in case of failure they switch to another, different task; the
same facts have also been noted in the relevant literature (Redish, 2005).

A special aspect of the utilization of mathematics that has been investigated in this study is the epis-
temological framings that students chose when applying their knowledge, as classified in the literature
andmentioned in the Theoretical Background section (Bing & Redish, 2009). The emergence of an epis-
temological framing pattern, consistently followed by the participants in this study, is of great value.
Without aiming to apply any specific strategy, these two students did actually follow a routine: they
invoked authority in the form of laws, theorems, and operational relations before beginning calcula-
tions; they took advantage of mathematical consistency whenever useful; and finally they assessed their
results according to a physical mapping. One must note, however, that we are unable to know the degree
to which the design of the specific problem enhanced this particular path.

Furthermore, we believe that the reported dialogues illustrate that collaborative learning proved to
be exceptionally beneficial for the participating dyad. The dialogues illuminate the constant creation
and reconsideration of mathematical and physical framings by the students, as well as the decisive role
that verbal communication played for the emergence of these framings. The type of interaction that
has been characterized as exploratory talk (Mercer, 1995) appears to be especially productive. It must be
emphasized that the development of students’ verbal communication skills and the students’ familiariza-
tion with exploratory talk in particular must have been an aforethought didactical intervention deriving
from the teacher.
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Research implications

The interconnection between mathematics and physics, as already illustrated from several aspects, indi-
cates that the separation of the instruction of these subjects suggests misleading and distortion in the
knowledge production procedure, though it may serve certain practical needs. This dissection is respon-
sible for the pedagogical and epistemological obstacles that occur during teaching (Blum & Niss, 1991).
Therefore, onemust revisit howmathematics and physical sciences have been taught over the years. One
is thus led to discover the necessity to teach mathematics within an interdisciplinary context (Blum &
Niss, 1991; Planinic et al., 2012) and, in the same time, it is believed that the instruction of mathemat-
ics will also benefit from the utilization of physics elements (Hanna et al., 2001). If such an opportu-
nity arises, it is vital that the educational systems properly prepare teachers for such a complex instruc-
tional approach, which would be beyond the currently established practices (Ashmann, Zawojewski, &
Bowman, 2006).

For further research, we believe that the above remarks indicate the need to investigate the issues
involved in the integration of mathematics in physics problem solving using a larger sample of pupils
as well as for a wider spectrum of problems. Such an examination could provide physics instructors at
the school level with more and solid substantial insights, in order to tackle the related difficulties their
students face in a physics course. The findings could be significant enough to transform the conventional,
implicit way in which mathematics has been integrated in science classes and reform the instruction of
the related subjects.
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Appendix: Physics problem solution

First object (tube A→D):
• A→B deceleration with friction∑

F = maAB ⇒ τ = maAB ⇒ μN = maAB ⇒ μmg = maAB ⇒ aAB = 2m/s2

(AB) = uAtAB − 1
2
aABt2AB ⇒ 1

2
aABt2AB − uAtAB + (AB) = 0 ⇒ t2AB − 5tAB + 6 = 0

� = b2 − 4ac = (−5)2 − 4 · 1 · 6 = 1

tAB1,2 = 5 ± √
1

2
⇒ tAB1,2 = 5 ± 1

2
⇒ tAB1,2 =

{
2
3 ⇒ tAB = 2 s the least time

• B→C acceleration with friction (Wx > T)∑
F = maBC ⇒ Wx − τ = maBC (1)

sin ϕ = Wx

W
⇒ Wx = W sin ϕ ⇒ Wx = mg sin ϕ ⇒ Wx = 8m (2)

τ = μN ⇒ τ = μWy (3)

cos ϕ = Wy

W
⇒ Wy = Wcos ϕ ⇒ Wy = mg cos ϕ (4)

sin2ϕ + cos2ϕ = 1 ⇒ cos2ϕ = 1 − sin2ϕ ⇒ cosϕ =
√
1 − sin2ϕ ⇒
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Figure A. Representation of the forces applied to the first object (route ABCD).

cos ϕ =
√
1 − sin2ϕ ⇒ cos ϕ = √

1 − 0.64 ⇒ cos ϕ = 0, 6 (5)

(3)
(4)⇒ τ = μmg cos ϕ

(5)⇒ τ = 0.2 · 10 · 0.6m ⇒ τ = 1.2m (6)

(1) (2)(6)�⇒ 8m − 1.2m = maBC ⇒ aBC = 6.8m/s2

uC = uB + aBCtBC ⇒ tBC = uC − uB
aBC

(7)

uB = uA − aABtAB ⇒ uB = 5 − 4 ⇒ uB = 1m/s for A → B (8)

(7)
(8)⇒ tBC = 11.7 − 1

6.8
⇒ tBC = 1.6 s

• C→D uniform linear motion (�F = 0)

(CD) = uCtCD ⇒ tCD = (CD)

uC
⇒ tCD = (AB)

uC
⇒ tCD = 0, 5 s

Total time for the first object: t1 = tAB + tBC + tCD = 2 + 1.6 + 0.5 ⇒ t1 = 4.1 s
Second object (tube P→R):
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Figure A. Representation of the forces applied to the second object (route PQR).

• P→Q free fall

(PQ) = 1
2
gt2PQ ⇒ tPQ =

√
2 (PQ)

g
(9)

(BC)2 = (AB)2 + (PQ)2 ⇒ (PQ) =
√

(BC)2 − (AB)2 ⇒

(PQ) =
√

(BC)2 − (AB)2 (10)

(BC) = (AB)

cosϕ
(5)⇒ (BC) = 6

0.6
⇒ (BC) = 10 m (11)

(10)
(11)⇒ (PQ) =

√
102 − 62 ⇒ (PQ) = 8 m (12)

(9)
(12)⇒ tPQ =

√
16
10

⇒ tPQ = 1.3 s

• Q→R deceleration with friction

uQ = gtPQ ⇒ uQ = 13m/s

⎧⎪⎨
⎪⎩

(QR) = uRtQR − 1
2
aQRt2QR

uR = uQ − aQRtQR

⇒

⎧⎪⎨
⎪⎩

(QR) = uRtQR − 1
2
aQRt2QR

aQRtQR = uQ − uR

⇒
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(QR) = uRtQR − 1
2

(
uQ − uR

)
tQR ⇒ (QR) = tQR

(
3uR − uQ

2

)
⇒ tQR = 2 (QR)

3uR − uQ
⇒

tQR = 2 (AB)

3uR − uQ
⇒ tQR = 12

20
⇒ tQR = 0.6 s

Total time for the second object: t2 = 2 + tPQ + tQR = 2 + 1.3 + 0.6 ⇒ t2 = 3.9 s
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