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DISSEMINATING INQUIRY-BASED SCIENCE

AND MATHEMATICS EDUCATION IN EUROPE

Fibonacci is starting a new school year, which will be rich in events, with 
especially the 5 training sessions on the common topics and the second 
European conference in Leicester in April 2012. Active twinning and tuto-
ring between centres will help prepare the next phase of the project: the 
entry of 24 new players (TC3s).

This Newsletter focuses on Inquiry-Based Mathematics within Fibonacci, 
with insights into the role of the Scientific coordination for Mathematics 
(University of Bayreuth), the teaching of mathematics in early Childhood 
Education (University of Patras), the House of Maths in Vienna, the art 
of Inquiry and Discovery as part of an educational strategy (IMIBAS, 
Bulgaria), and Inquiry-based mathematics in secondary schools, with the 
case of Brussels.

WITH THE SUPPORT OF

Halfway trough  
the project 

We wish you all a successful

2011-2012 school year!
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the involved teachers. Until now already 158 mathematics 
and science departments of schools have applied for parti-
cipation, starting in September 2011. It will not be possible 
to participate as a single isolated teacher, for effectiveness 
and sustainability reasons. The Reference Centre, University 
of Bayreuth, will supervise the work; the coordination will be 
done by the State Institute for School Quality and Education 
(ISB) in Munich.

The kick-off meeting of the Bavarian tandems will take place 
from October 4-6, 2011, at the University in Bayreuth. Besides 
the organisational planning there will be several workshops 
about inquiry-based teaching and learning in mathematics 
and science. The science part will be supervised by Franz X. 
Bogner (University of Bayreuth). He is the European coor-
dinator of the EU project Pathway which is also focused on 
inquiry-based methods and is specialized in science educa-
tion. There is a long lasting fruitful cooperation between Peter 
Baptist, scientific mathematics coordinator of the Fibonacci 
project and Franz X. Bogner, as they have a shared respon-
sibility as CEOs of the Centre of Mathematics and Science 
Education (Z-MNU).

The University of Patras - (TC1) - (Laboratory of Science, 
Mathematics and ICT Education (LoSMICTE) of the Depart-
ment of Educational Sciences and Early Childhood Education) 
is training future early-year teachers through theoretical and 
practical courses.

We have appreciated for a quite long time the valuable 
contribution that inquiry-based learning may have to the 
scientific literacy of young children. Working in the context of 
Fibonacci, during the academic year 2010-11 we established 
our ‘teacher-network’ and developed Teaching and Learning 
sequences in the context of IBSME in the sub-domains of 
physics, biology and mathematics.

The 30 members of the ‘teacher-network’ got familiar with 
our inquiry-based, natural sciences and mathematics didactic 
units, and were prepared to integrate them in their own 
practice through a series of seminars and workshops that 
we offered. Moreover, they were fully supported during the 
implementation phase in their classrooms. 

Below, we present a general description of the mathema-
tics didactic units that were developed by our colleague K. 
Zacharos and his post-graduate students.

Practices for measuring length and capacity in 
Early Childhood Education
The measurement of attributes – such as length and container 
capacity – constitutes an interesting aspect of mathematical 
training in early childhood education. 

The goals of teaching measuring for the pupils in early child-

hood education are:

to understand the measurement process �

to familiarise themselves with the practical uses of units of  �
measurement

to build and use non-conventional measurement tools  �
and

to make numbers correspond to quantities �

The measurement process

The measurement process in early years can take, in general, 
two forms:

The first one requires direct comparisons of the magnitudes 
to be measured

For example: 

two objects under comparison are equal in length when  �
their ends correspond

to compare directly the capacity of two containers by  �
asking children to use practices of ‘filling’ and ‘emptying’ 
the content from one container to the other one that is 
empty   

In the second case, the measurement processes are indirect 
and require the mediation of suitable units or measurement 
tools.

The process 

Teachers will have to try and highlight the major role of 
activities that are carried out within a playful structure 

Teaching mathematics at pre-school level: University of Patras

Towards New Teaching in Mathematics

DISSEMINATING INQUIRY-BASED SCIENCE

AND MATHEMATICS EDUCATION IN EUROPE

Inquiry-Based 
Learning
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Dynamic Worksheets
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Stage 1

The learning environment starts with a problem that stimulates the students to explore the 
chosen topic. Each worksheet contains a dynamic configuration and short instructions that 
lead to own experiments, observations and discoveries. The students are asked to draw 
sketches in their study journal, 
to describe their observations 
and to phrase conjectures. By 
doing so they learn to structure 
their thoughts and to express 
them in writing. These notes 
are the basis for the following 
discussion of the results.
The worksheet itself has a tra-
di-tional textbook design. But 
in contrast to a textbook the 
students have the opportunity 
to experiment. What does this 
mean? They drag vertex C, they 
observe the interior angles of the triangle and they change the diameter. Short instructions 
stimulate the activities. Finally the students are asked to phrase a conjecture that is to be 
written down in the study journal. 

Stage 2

Afterwards the students compare their results with their neighbours and complete their notes 
in the study journal, if necessary. Only then they have a look at the next worksheet. Here they 
find hints how to prove the assumptions and the suspected properties. Under this guide-

line the students first try to 
take their own steps towards a 
proof. Ideally the teacher only 
has the part of an adviser.
Apart from the Theorem we 
find a historical remark here. 
The teacher can take this  
opportunity to tell some bio-
graphical details and stress the 
importance of the philosopher 
Thales for the development of 
science. The following diagram 
gives an overview on various 
topics in this context:

Simplify Mathematics Education
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Step by step we 
get more and 
more detailed 
branches.

If we choose the reduction factor f comparatively large, the branches will overlap after some 
iteration steps. If we choose the factor f comparatively small, there will be gaps between the  
branches. It is an interesting problem to find out just that factor for which the separate 
branches will touch in the limiting case.

For symmetry reasons we only need to consider one of the four possible touching points. The 
side length of the first square be 1. Then the following squares have side lengths f,  f 2 ,  f 3 , … 
etc. The demand that both sequences meet at the midpoint means: The sequence must have 
side length   1 __ 

2
   in the limiting case.

That is
    1 __ 

2
   =  f 2  +  f 3  +  f 4  + ... =  f 2  (1 + f +  f 2  + ...).

With the sum of the geometric series we get

  1 =   2  f 2  ____ 
1 – f

   ,  and finally  2  f 2  + f – 1 = 0.

This quadratic equation has one positive solution, namely f =   1 __ 
2
   .

Let’s summarize: If we start with a square of side length 1 and choose the reduction factor   1 __ 
2
   ,

then the separate branches of the fractal touch in the limiting case.

f
1 
2
 

f2
f3

f4

Dynamic Geometry with Polygon Pantographs

43

The Rubber Band Pantograph

Finally, the following 
question arises during 
the concrete design of 
(virtual) pantographs: 
Are similar figures even 
necessary or can a simi-
lar enlargement or reduc-
tion simply be realised 
on a segment? Such a 
“segment pantograph” 
offers many dynamic 

geometry programs (e.g. GEONExT) automatically based on its programming method: It 
suffices to place a slider A’ on a half line SA (fig. 9). The software must now decide how point 
A’ should move as a function of A. In principle, the programs decide on a dilation centre 
resulting in: If a figure is drawn with A, slider A’ creates an enlarged or reduced copy.

For this purpose, there is a nice and real 
experiment which students can easily conduct
themselves: You take a rubber band and 
make a knot in it somewhere (e.g. in the 
middle). One end is held. A piece of chalk 
is held on the other end and runs across the 
table in such a way that the knot separates a 
given figure. A figure emerges that is enlarged 
accordingly (fig. 10).

Fig. 7: Equilateral triangles Fig. 8: Square across diagonals

Fig. 9: Slider on a segment

Fig. 10: A rubber band pantograph

Teaching Mathematics – Opening up Individual Paths to Learning
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This way of teaching contrasts sharply with an approach dominated by suggestive questions 
and answers. In such a narrowly conceived question-and-answer game, most students are 
frequently confined to “studying” a problem by inserting single words or piecemeal ideas into 
a pre-determined train of thought. Or they are no more than passive observers.

Can this Japanese approach to mathematics classes provide inspiration for your teaching?

Here is an additional example taking us in a different direction.

Work on the following problem with your colleagues!

This chair was included in the 

Guinness Book of Records as the 

world’s largest chair.

1. How tall would a giant have

to be to use this chair?

2. Discuss your ideas with your 

neighbour.

3. Together with your neigh-

bour, tell your fellow-stu-

dents about your ideas and 

the results you’ve come up 

with.

When presented with this problem in a session with colleagues, you will presumably go 
through the following stages in your solution-finding process:

 > First, you study the problem for yourself and figure out your own ideas on how to arrive 
at a solution.

 > Next, you exchange ideas with your neighbour, compare your results, and discuss how 
the two of you went about solving the problem.

 > Finally, you compare approaches and results with all members of your faculty.

In this way, you can personally experience a very natural process of learning and problem-
solving.

Let us explore this structure at a more general level.

Foto: XXXLutz St. Florian, © XXXLutzTowards New Teaching in Mathematics
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Independent knowledge construction does not by any means preclude the systematic trans-
fer of knowledge and instructional support. It is only the interaction of all of these forms of  
instruction that paves the way for effective and sustainable learning processes.

5. Innovations in the Classroom – “Lesson Study Process”

If there is no change in the type of teaching, then better results will not be obtained, no  
matter how much the material handled or the size of the respective classes are reduced. Well-
established and practiced teaching experience steeped in tradition cannot be changed so 
easily – and certainly not outside the realms of the school (university, parents’ associations, 
and industry) or by means of ministerial decrees. It is a truism that a lesson or teaching unit 
is determined in terms of both content and method by the personality of the teacher. Thus a 
change of the teaching script can only take place through the teacher.
Greater changes are possible through many small changes over a longer period. We need a 
process of continuous improvement in teaching that is designed by the teachers themselves, 
comparable with the successfully practiced “lesson study process” in Japan. In order to initiate  
and implement such a process, teachers require competent support and outside consultation, 
which should never be patronizing.
Along the lines of management consulting, we imagine the establishment of advisory offices 
for classroom innovations to which teaching staff may turn to obtain information about the 
latest developments in teaching methodology, pedagogy and educational psychology. This also 
includes competent support in the selection of teaching materials and instructional software. 
These advisory offices could, for example, be established within the (existing and planned) 
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“Math – Revolution. SINUS has changed mathematics teaching in German 

classrooms. …”

“Realistic problems instead of mechanical computing, individual and  

independent learning instead of stubborn formula training. These are the 

characteristics of math teaching in SINUS. …”

German weekly newspaper DIE ZEIT

Changes in teaching and learning only make sense when they are accepted 

by the teachers and when they are built into the classroom routine. There-

fore in SINUS we have not preached facts, we have stimulated acts.

Towards New Teaching in Mathematics

SINUS and SINUS-Transfer

Simplify Mathematics Education
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For a regular hexagon we need two strips of paper. Here we have the folding instructions:

Regular Tessellations

Now we ask: Which regular tessellations of the plane are possible? Stimulating acts means 
making experiments either with concrete materials or intellectually in the mind. We have to 
consider what inner angles of regular polygons are possible. For a non-overlapping covering 
they must divide 360°. The astounding result: There is an infinite number of regular polygons, 
but there are only three regular tessellations. Johannes Kepler (1571 – 1630) was the first 
to recognize that only equilateral triangles, squares and regular hexagons have this property.

Teaching Mathematics – Opening up Individual Paths to Learning
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Example 
Trigonometry is an obvious basis for surveying activities in the field. Here, students can 
experience the benefits of mathematics outside their school lives. The following article from 
the German daily “Fränkischer Tag” describes such a project conducted at the Ehrenbürg-
Gymnasium, Forchheim, Germany.

Mathematics out in the open

Ehrenbürg-Gymnasium students conduct a surveying project

Forchheim. In a three-week project, class 10a stu-

dents of the Ehrenbürg-Gymnasium have been ex-

ploring the question of how to undertake surveying 

activities in the field.

To start with, they devised related questions, such 

as: What is the distance from the St. Martin Church 

tower to the chimney of the 4P sheet production 

site? What is the height of the McDonald’s tower in 

the south of Forchheim; how far does the Walberla 

hill rise over Kirchehrenbach; or what is the rise 

of the Reifenberg chapel over the Wiesent valley? 

After devising the questions, hard work awaited them. The students had to devise procedures 

with which to determine these unknown distances by developing special skills for measuring 

angles. In doing this, they found that all the toil during the school year had paid off and that sine and 

cosine do have their extracurricular benefits. 

Once the theoretical groundwork was over, mathematical skills were applied out in the field. Finally, 

after several excursions, the students had come up with solutions for all the surveying problems 

devised. To locate points at very remote distances they borrowed a special instrument, a theodolite, 

from the Surveying Office at Erlangen.

The project was completed with an exhibition in the school auditorium. It was a detailed docu-

mentation of how the students had organized the project and the results they obtained. The 

exhibition welcomes the public during regular school hours (from 10 to 12am during the summer 

recess until 10 August, and then from 27 August onward).

Experiencing Mathematics

37

Specific examples:

Adenauer monument:
Determine the height of a statue that fits  
to the head of the first German chancellor 
Konrad Adenauer.

Balcony railing:
Investigate the quadratic pattern between 
two posts of the balcony railing.

Traffic sign:
How steep is the hill when the sign shows 100%?

Number sequences:
Explain the adjacent number sequences 
and find out further elements.

Three – Four – Five – Many

27

Fig. 1: Triangle transversals

Equal but yet not equal

 > Change the shape of each triangle and try to find out the meaning of the lines in 
the triangles.

 > Write down the results in your study journal (including sketches).

The dynamic worksheet shows four look-alike equilateral triangles with transversals. The title 
already leads one to assume that the equality only exists at first sight. When changing the 
triangles by dragging the vertices, differences are revealed right away. Subsequently, it is 
detailed work. The students have to find out by way of experiments which transversals are 
shown in each case. They describe their method and justify their findings in their study 
journals.

zacharos
Highlight

zacharos
Highlight
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for the development of forms of mathematical thought. At 
the same time, the communicative framework is created by 
the teaching situation, a story that enables the transfer to an 
experimental atmosphere, as well as the development of the 
students’ degree of autonomy.

Measurement of length 

Length measurement is a typical case of linear measuring, 
which is offered as an introduction to measurement practices 
in preschool. 

I. Direct comparisons 

In the initial stages of acquiring skills in length measurement, 
children make direct comparisons. In this case two objects 
under comparison are equal in length when their ends corres-
pond.

II. Indirect comparisons   

Using units of length: In indirect comparisons the mediation 
of suitable units or measurement tools is required.

In this case we offer different kind of units (e.g. sticks, foot-
prints, toothpicks, rope, etc) to compare objects in length. 
Children have to compare the arithmetical results and to 
decide about the suitable unit for the comparison (see 
Pictures). The teaching activities are set in the context of 
a story about a prince that has to save the princess who is 
prisoner in a castle. In the story the prince has to measure the 
distance across a river and build a bridge, the height of the 
window of the princess and so on.

Measurement of capacity 

The concept: The term capacity is used to describe the ability 
of hollow objects to contain liquids or materials characterised 
by ‘fluidity’ (for example sand, rice, etc).

The teaching plan is set in the context of a farm and its 
animals and may include three phases:

I. Direct comparison 

The children are asked to compare the capacity of two  �
dissimilar containers.

The  � aim in this phase is to help children find and process 
the parameters that will allow the construction of the 

concept of capacity. 

II. Indirect comparison

The aim here is to get children to use measurement units of 
capacity.

Children are asked to choose the largest between two  �
or more unequal, full containers by using small cups as 
measurement units.

If we have to feed, for example, chickens, the following  �
question could be posed:  “How many chickens can we 
feed with each container?” “Is it possible to feed more 
chickens with one of those containers?”

Covering the length with sticks

Unit iteration on the length

Covering the length with footprints
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III. Indirect comparison- The construction of a measurement 
tool  

This phase of the teaching intervention aims at constructing 
a tool with which to measure capacity.

A cylindrical, oblong container and a felt-tip pen are  �
presented.

According to the story with the chickens, the following  �
question could be posed: 

“How much should we fill this container with corn to feed  �
two, three, four, … seven chickens?”

In this case the children are called to construct and grade a  �
measure instead of having to fill the container cup by cup 
each time (see picture).

Construction a measurement tool of capacity

Maths becomes a real adventure for small and big scientists at 
the House of Maths (Haus der Mathematik, HdMa), located at 
the University of Education in Vienna, Austria (Pädagogische 
Hochschule Wien). 

Touching is a must! 
This slogan refers to the philosophy of hands-on activities: 
The touchable presentation of mathematical problems, 
which encourages students to find a new, discovery-driven 
and playful approach to maths. Special exhibits present 
maths as a touchable, versatile and understandable science. 

Different learning environments provide a creative and active 
access to maths: There is a room showing the “History of 
Mathematics” and you also find a “Discovery-Area”, which 
is full of hands-on exhibits and games. One of these is the 
exploration-table “Fibonacci sequence”:

1, 1, 2, 3, 5, 8, 13, 21, 34, 55, …
Users can experience and discover the Fibonacci numbers in 
different contexts, e.g. by building a Fibonacci spiral or by 
modelling the rapid 
increase of an imagi-
nary rabbit population 
with wooden coins. 
Solving Fibonac-
ci’s so-called “rabbit 
problem” may be 
difficult in its abstract, 
mathematical form 
but is much easier 
and more accessible 
when it is presented 
as a hands-on exhibit. 
The famous Fibo-
nacci numbers are 
also hidden in nature: 
visitors can discover 
them hands-on in fir 
cones, sunflowers, a 

nautilus fossil and a cactus-plant.

The University of Education of Vienna seeks to best integra-
tion of the new ideas and options which the House of Maths 
offers into the education of future primary and lower-secon-
dary teachers. Each semester, students get the opportunity 
to acquire more profound and practical knowledge concer-
ning hands-on activities by attending the explainer-pro-
gramme provided at the House of Maths. They will increase 
their skills by applying hands-on philosophy, didactics, maths 
and knowledge-transfer by presenting mathematical issues 
to groups of school-kids during their visit at the House of 
Maths.

see also:

<www.hausdermathematik.at> 
<www.phwien.ac.at>

contact: Gordan Varelija (<gordan.varelija@phwien.ac.at>), 
Petra Ilias (<petra.ilias@phwien.ac.at>)

Hands on! in the House of Maths (HdMa), Vienna


